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Stability of the Triangular Points in the Elliptic
Restricted Problem of Three Bodies

ALI HASAN NAYFEH*
Aerotherm Corporation, Mountain View, Calif.

AND

AHMED ALY KAMEL|
Stanford University, Stanford, Calif.

A perturbation scheme is used to study the stability of infinitesimal motions about the tri-
angular points in the elliptic restricted problem of three bodies. Fourth-order analytical
expressions for the transition curves that separate stable from unstable orbits in the /z-e plane
are given. These power series are recast into rational fractions to extend their validity to
larger values of eccentricity, e.

1. Introduction

DANBY3 studied the linear stability of the triangular
points numerically using Floquet theory. He presented

transition curves that separate the stable from the unstable
orbits in the ju-e plane (JJL is the ratio of the smaller primary to
the sum of the masses of the two primaries, and e is the ec-
centricity of the primaries7 orbit) . These curves intersect the
JJL axis at AIO and /z&, where jua = 0.03852 is the limiting value of
IJL for stable orbits in the circular case, and Hb — 0.02859 is the
value of IJL such that one of the periods of motion about the
triangular points is exactly twice the period of the orbit of the
primaries in the circular case.

Bennet2 obtained a first-order analytical expression for the
transition curves near jjib using an analytical technique for de-
termination of characteristic exponents. Alfriend and Rand1

obtained second-order analytical expressions for the transition
curves at jua and /z& using the method of multiple scales.5"7

In this paper, we use a perturbation technique to determine
fourth-order analytical expressions for the transition curves.
We use this technique rather than the method of multiple
scales because we are interested in determining the transition
curves only. The amount of algebra involved is considerably
less than that required if we use the method of multiple scales
because the latter provides the solution in the whole n~e
plane. The expansions obtained here are recast into rational
fractions8 to extend their validity to larger values of e.

2. First Variational Equations

The first variational equation about the triangular points
are (Ref.9, p. 98)

u" - 2v' = g(e,f)[3u/4: + cov]

v" + 2uf = g(e,f)[wu +

(2.1)

(2.2)

where u and v are the pulsating nondimensional coordinates
of the third body relative to one of the triangular points,

co = 3(3)^(/z - i)/2 (2.3)

Here/is the true anomaly of the smaller body, and primes de-
note differentiation with respect to /. Following Szebehely
(Ref. 9, p. 254), we introduce a rotation of coordinates ac-
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cording to
u = x cos/3 — y sin/3

v = x sin/3 + y cos/3

where

tan2/3 = (3)^(1 - 2/x)

Equations (2.1) and (2.2) become

x" - 2y' - gh& = 0

y" + 2x' - ghiy = 0

where

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

3. Method of Solution

It is known9 that in the circular case (e = 0), infinitesimal
motions about the triangular points are stable for 0 < ^ < M»
= 0.03852 and unstable for /z > /xa. Hence, /za is the inter-
section of a transitional curve with the (JL axis. Also, it is
known from Floquet theory4 that periodic solutions with
periods 2?r and 4?r correspond to transitional curves. In the
interval 0 < IJL < ju0 the period 2?r corresponds to /z = 0,
whereas 4?r corresponds to /z6 = 0.02589. Therefore, there
are transitional curves that intersect the /x axis at JJL = 0 and
M&.

To determine the transitional curves, we expand x, y, and
IJL in powers of e where the zeroth-order term for /* is /z = 0,
fj,a or fjib. In the case of ju&, we take the zeroth-order terms to
be periodic with period 4?r. The value of pa corresponds to
a double root for the period, and we take the zeroth-order
terms to be the nonsecular solutions. Thus, we let

xne- (3.1)

= E ynen (3.2)

M = Z) V"en (3-3)

where /x0 stands for the value of M under consideration 0, jLt«,
or ju&. Substituting (3.3) in (2.10) and expanding in powers
of e lead to

hi = Z an(Mo,Mi> • • •} !JLn)en (3.4)
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(3.5)

Substituting (3.1-3.5) in (2.8) and (2.9), and equating coef-
ficients of equal powers of e to zero lead to

x\ - v. = E E E

\ + 2x'n =

« = 0 s = Or = C

n = r + s + i

cos'/

IMI.COS'/

(3.6)

(3.7)

Carrying out the analysis at IJL = 0 leads to the result that
the e axis is a transitional curve; it corresponds to the two-
body problem. On this curve, e < 1 correspond to stable
solutions whereas e > 1 correspond to unstable solutions.

4. Transition Curve at fj, — ju&

For jLt0 = M& = 0.02859, the zeroth-order equations admit the
following periodic solutions of period 4?r

(4.1)

(4.2)

(4.3)

XQ = COST, y0 = —a sinT

XQ = sinr, yQ = a. COST

where

T = //2, + i = 0.3138

There are two branches originating at /z = ju& corresponding
to the preceding two independent solutions.

Using (4.1), we find that

x\ - 2y\ - 60Zi = (&i - bo/2) COST - |60 cos3r (4.4)

?/"i + 2x\ - Oo2/i =
— a(ai + flo/2) sinr + ^aao sin3r (4.5)

In order that (3.1-3.3) be valid for all/, xn/x0 and 2/»/2/o must
be bounded for all /. The particular solutions for x\ and y\
contain secular terms which make XI/XQ and y\/y^ be un-
bounded as/ -> oo unless

61 - V2 = -a2(a! + ao/2) (4.6)

Solving (4.6) leads to

&i = (60 ~ Ooo:2)/2(l - «2) = -0.1250 (4.7)

thence,

Ml = -0.05641 (4.8)

The solutions for x\ and 2/1, neglecting the homogeneous solu-
tions, are

xl = 0.5159 cos3r (4.9)

?/i = 0.1569 sinr - 0.3873 sinSr (4.10)

Substituting the zeroth- and first-order solutions into the
second-order equation gives

z"2 - 2y'2 - bQXz = (62 + 0.07795) COST +
0.01397 cos3T - 0.00051 cos5T (4.11)

y\ + 2x'2 - aoy* = ( — a02 + 0.3382) SHIT -
0.02879 sinSr + 0.3382 sin5r (4.12)

To eliminate secular terms, we require that

62 + 0.07795 - a(-aaz + 0.3382) (4.13)

thence,

62 = 0.03127, and j^ = 0.01504 (4.14)

The solutions for #2 and 2/2 become

X2 = -0.05294 cos3T + 0.05139 cos5T (4.15)

2/2 = -0.1092 sinT + 0.03617 sin3T - 0.06479 sinST (4.16)

The values of /zi and ju2 obtained here agree with those of
Ref. 1.

The third-order equations become

x"s - 2y'z - bQxz = (63 - 0.05991) COST -
0.03325 cos3T - 0.01172 cos5T - 0.00139 cos7T (4.17)

y*z + 2x's - aQy3 = (-aa3 - 0.04361) sinT -
0.07102 sinSr - 0.04681 sin5r - 0.07399 sin7T (4.18)

Secular terms are eliminated if

63 - 0.05991 - a(-aaz - 0.04361) (41.9)

Therefore,

63 = 0.05127, MS = 0.02257 (4.20)

The solutions for x3 and $/3 are

Xz = -0.01355 cos3T - 0.00383 cosSr -
0.00360 cos7T (4.21)

2/3 = 0.00864 sinT + 0.02153 sinSr +
0.00718 sin5r + 0.00653 sin7T (4.22)

The equations for x± and y* become

x\ - 2y'4 - b0x4 = (64 + 0.02137) COST +
higher harmonics (4.23)

y\ + 2x\ - a02/4 = (-aa4 - 0.00073) sinT +
higher harmonics (4.24)

Elimination of the secular terms yields

(64 + 0.02137) = a(-aa, - 0.00073) (4.25)

Hence,

64 = -0.02396, M4 = -0.01231 (4.26)

The equation of one of the branches originating at ^b is

M(1) = 0.02859 - 0.05641e + 0.01504e2 +
0.02257e3 - 0.01278e4 + Q(e6) (4.27)

Using the periodic solution (4.2) as the zeroth-order term
rather than (4.1) leads to the second branch

M(2) = M(i;(-c) (4.28)

Equations (4.27) and (4.28) show that if any of the branches
were reflected in the IJL axis, then the reflection would form a
completely smooth continuation of the other branch.

5. Transition curve at ju = jj,a
When n — fjLa = 0.03852, there are two secular and two non-

secular independent solutions for XQ and y0. Using any of
these independent solutions as the zeroth-order term in the
expansion leads to the same transition curve because there is
only one branch originating at Ma- Thus, we let

XQ = coso/, y0 = —a sino/ (5.1)

a = (a2 + 60)/2o-, a = 1(2)"* (5.2)

Substituting the zeroth-order term into the first-order
equations gives

1 2

x'\ — 2y\ — boXi = bi coso/ — — 60 T^ cosX^/ (5.3)
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1 2
y"i + 2x\ — Oot/i = —aai sino/ + — aa0 V sinX^/ (5.4) - 4th ORDER RATIONAL FRACTION

- NUMERICAL

Xi.2 = a- ± 1 (5.5)

In order that ZiAo and 2/1/2/0 be bounded for all /, we require
that

61 = 0 and hence MI = 0

The solutions for #1 and yi become
2

i = i

where

5,-sinX,-/

i = [(X,2 + a0)&o + 2aaQ\i]/2Di

= (X,2 -

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)
The substitution of the zeroth- and first-order solutions into

the second-order equations yields

#"2 — 2y't — b0xz =
P coso/ + nonsecular producing terms (5.12)

y"z + 2x'2 - a0y2 =
Q sino/ + nonsecular producing terms (5.13)

where

p = 62 - &0(#i + #2 - l)/2 (5.14)

Q = ab, - <*>(& + & + a)/2 (5.15)

The solutions for x% and 2/2 will contain secular terms unless

P = aQ (5.16)

Therefore,

&2 = (2)!/2/87 M2 = 0.08025 (5.17)

The equation for the transition curve originating at ^a is

M = 0.03852 - 0.08025e2 + 0(e3) (5.18)

This expansion agrees with that obtained in Ref. 1 using the
method of multiple scales, and reproduces the numerical
solution of Ref. 3. Since this second-order expansion repro-
duces the numerical solution, there is no need to carry out the
expansion to higher orders.

6. Concluding Remarks

A comparison between the transition curves obtained here
and those obtained numerically by Danby is shown in Fig. 1.
The analytical curve originating at p = pa = 0.03852, al-
though of 0(e2), is indistinguishable from the corresponding
numerical curve. At JJL = /*& = 0.02859, the branch ju(2) [it is
0(e4) ] is also indistinguishable from the corresponding numeri-
cal branch. The second branch reproduces the numerical
curve up to e = 0.50. Beyond this value, the two curves
deviate from each other; at /x = 0, the analytical value for e
is 0.75 compared to the numerically obtained value of 1.0.

In order to improve the convergence of the series expansion
for /z(1), we applied Shanks' nonlinear transformation to recast

_ NUMERICAL AND
\ 41h ORDER CURVES

-—NUMERICAL AND
2nd ORDER CURVES

—-••/- STABLE,

0.05 0.06

Fig. 1 Comparison of the analytical and numerical
transition curves for infinitesimal motions about the
triangular points in the elliptic restricted problem of

three bodies.

this series into rational fractions. Shanks found that these
rational fractions are often more accurate than the original
series. From the series for M ( I ), we may form rational frac-
tions in various ways. Recasting this series into a cubic
divided by a linear term yields

M = 0.02859(1 - 1.428c - 0.550e2 +
1.076c8)/(l - 0.545e) (6.1)

Equation (6.1) is indistinguishable from the numerical curve
up to 6 = 0.80 as can be seen from Fig. 1, and, hence, it im-
proves the convergence of the series. However, recasting
this series as the ratio of two quadratic expressions yields

fJL =
0.02859 - O.Q49Q9e + 0.01396e2

1 + 0.2527e + 0.4684e2 (6.2)

which is less accurate than the original series.
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